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Collaborations with:

• Bojko Bakalov (NCSU)
• Marco Cerezo, Martin de la Rocca (LANL)
• Jim Freericks (Georgetown)
• Daan Camps, Roel van Beeumen, Bert de Jong, 

Akhil Francis (LBNL)
• Thomas Steckmann (UMD)
• Yan Wang, Eugene Dumitrescu (ORNL)

We’re looking for postdocs to join 
our lab!
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Ising Magnet Heisenberg Magnet

10.1039/c6cp02362b Materials project
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A Tale of Two Transitions

Optimization of the Variational Quantum Eigensolver for 
Quantum Chemistry Applications

https://doi.org/10.1039/c6cp02362b
https://www.researchgate.net/publication/349025671_Optimization_of_the_Variational_Quantum_Eigensolver_for_Quantum_Chemistry_Applications
https://www.researchgate.net/publication/349025671_Optimization_of_the_Variational_Quantum_Eigensolver_for_Quantum_Chemistry_Applications
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Q: What do you do with a quantum 
state once you’ve prepared one?

A: You measure its excitations.
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Measuring Excitations

Angle-resolved Photoemission 
(ARPES)

Neutron Scattering Time-resolved ARPES

Figures courtesy of 
Devereaux/Shen group 
and ORNL
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Measuring Excitations
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Ising Model Heisenberg model
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Correlation functions

A(r, t)

B(r0, t0)

hA(r, t)B(r0, t0)i

Given some (observable) operator B at 
(r’,t’), what is the likelihood of some 
(observable) operator A at (r,t)?

Optical conductivity, g/X-ray scattering, 
photoemission, neutron scattering, Raman, 
IR absorption, etc.



10

<latexit sha1_base64="SQCSuq2rtAgzdbE6EdktEEgyx+Q="></latexit>
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Experiment Applied field B Measured operator A Correlation function

AC Conductivity Electric field Current [j,j]

Neutron Scattering Spin flip Spin flip/Z [Sx,Sx] etc

Magnetic Susceptibility Magnetic Spin [Sz,Sz], [S+,S-]

Photoemission spectroscopy Particle removal Particles at detector [c+,c]

Light absorption p.A j A.[p, j]

Light scattering p.A p.A A1.[p1, p2].A2
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The Electromagnetic Spectrum. Image Credit: NASA
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A(r, t)

B(r0, t0)

Prepare 
state of 
interest

Apply 
excitation A
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Correlation functions

Somma, Simulating physical phenomena by 
quantum networks (2002)
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ÛS Û
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Ancillaries
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Correlation functions
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Prepare state of interest Time evolve

A-Z quantum simulation

Dynamical response functions

• Physics-Informed 
Subspace Expansions

• Lie-algebraic methods for 
time evolution

• Open quantum system 
evolution

• Neutron scattering 
(magnon) spectra

• Open quantum system 
Green’s functions

• Dynamical Mean Field 
Theory

Classical post-processing 
techniques

Digital version of 
this talk



(A few) Quantum Algorithm(s) for correlation functions

|0i

A1:

A2:

S: O1
U t2,t1
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⇢(t1)
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U t3,t2
K<latexit sha1_base64="UiRPUMPHEKBQxHWe9l0xrHpYwuw=">AAACDXicbVDLSgNBEJyNrxhfUU/iZTAIHiTsJoIeRS+ClwiuCsm69I5tHDL7YKZXkGXxE/wKr3ryJl79Bg/+i7sxBzXWqajqpqsrSJQ0ZNsfVmVicmp6pjpbm5tfWFyqL6+cmTjVAl0Rq1hfBGBQyQhdkqTwItEIYaDwPBgclv75LWoj4+iU7hL0QuhH8loKoELy62u9EOhGgMrc3M+O88uM/PY2+a3crzfspj0EHyfOiDTYCB2//tm7ikUaYkRCgTFdx07Iy0CTFArzWi81mIAYQB+7BY0gRONlwxdyvpkaoJgnqLlUfCjiz40MQmPuwqCYLAObv14p/ud1U7re8zIZJSlhJMpDJBUODxmhZdEN8iupkQjK5MhlxAVoIEItOQhRiGlRVq3ow/n7/Tg5azWddrN1stPYPxg1U2XrbINtMYftsn12xDrMZYLds0f2xJ6tB+vFerXevkcr1mhnlf2C9f4FVaCb4A==</latexit>

O2 hO3i
<latexit sha1_base64="qAkpYok6s9h/Q7xHOXq/JDUfOB8=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJKrITJCgQiqChI0jkIcVRdL5sklPOD92tEZHllk/gK2ihokO09BT8C3biAhKmGs3sanfGCaTQaJpfRm5peWV1Lb9e2Njc2t4p7u41tR8qDg3uS1+1HaZBCg8aKFBCO1DAXEdCyxlfpX7rHpQWvneHkwC6Lht6YiA4w0TqFaktYYDnNsIDRjdxL5qxahzbSgxHeNErlsyyOQVdJFZGSiRDvVf8tvs+D13wkEumdccyA+xGTKHgEuKCHWoIGB+zIXQS6jEXdDeaJonpUagZ+jQARYWkUxF+b0TM1XriOsmky3Ck571U/M/rhDg460bCC0IEj6eHUEiYHtJciaQioH2hAJGlnwMVHuVMMURQgjLOEzFMOiskfVjz6RdJs1K2quXK7Umpdpk1kycH5JAcE4uckhq5JnXSIJw8kmfyQl6NJ+PNeDc+ZqM5I9vZJ39gfP4A2+6feg==</latexit>
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HS↵2
<latexit sha1_base64="4LTQYtgfnjBrZJwWUdP10m7Irqc=">AAACB3icbVDLTgJBEJz1ifhCOXqZSEw8kV000SPRi0eM8khgJb1DAxNmH5npNZINH+BXeNWTN+PVz/Dgv7jgHhSsU6WqO11dXqSkIdv+tJaWV1bX1nMb+c2t7Z3dwt5+w4SxFlgXoQp1ywODSgZYJ0kKW5FG8D2FTW90OfWb96iNDINbGkfo+jAIZF8KoFTqFoodwgdKbiZ3SQdUNIRuZdItlOyyPQNfJE5GSixDrVv46vRCEfsYkFBgTNuxI3IT0CSFwkm+ExuMQIxggO2UBuCjcZNZ+Ak/ig1QyCPUXCo+E/H3RgK+MWPfSyd9oKGZ96bif147pv65m8ggigkDMT1EUuHskBFapq0g70mNRDBNjlwGXIAGItSSgxCpGKc15dM+nPnvF0mjUnZOypXr01L1Imsmxw7YITtmDjtjVXbFaqzOBBuzJ/bMXqxH69V6s95/RpesbKfI/sD6+AYroJmn</latexit>

L. Del Re, B. Rost, M. Foss-Feig, AFK, J.K. Freericks
2204.12400

Commutators(Anti-)Commutators, open/dissipative

10.1103/PhysRevLett.111.147205
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Linear Response

1. Make the excitation part of the quantum simulation

2. Post-process the data to get the response functions

2302.10219
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Linear Response

Benefits

• Any operator A,B you desire (as long as it is 
Hermitian*)

• No ancillas/controlled operations needed

• Many correlation functions at the same time

• Less post-processing (less noise)

• Frequency/momentum selective

2302.10219
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Linear Response

<latexit sha1_base64="KDVfp0prLJMRQw4P5zf3AeUeiT4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEfG2EopsuK9gHNDFMppN26MwkzEyEGrLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYfDm7HffiBS0Vjc6VFCfI76gkYUI22kwN73ONKDMMrqeeDAK+gp2ufo/jGwK07VmQDOE7cgFVCgEdhfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaKhAnys8mD+TwyCg9GMXSlNBwov6eyBBXasRD0zk+V816Y/E/r5vq6NLPqEhSTQSeLopSBnUMx2nAHpUEazYyBGFJza0QD5BEWJvMyiYEd/bledI6qbrn1bPb00rtuoijBA7AITgGLrgANVAHDdAEGOTgGbyCN+vJerHerY9p64JVzOyBP7A+fwDngJX6</latexit>

H0 = �z

<latexit sha1_base64="EgKg7JOYqKquz/xa12bKY0TwRfQ=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIr41Q68ZlBfuAdiyZNNOGJpkhyYhl6N6Nv+LGhSJu/QF3/o2ZaQVtPRA495x7yb3HjxhV2nG+rNzC4tLySn61sLa+sbllb+80VBhLTOo4ZKFs+UgRRgWpa6oZaUWSIO4z0vSHl6nfvCNS0VDc6FFEPI76ggYUI22krl3scKQHfpBcjOE5/CmqWaFon6Pb+65dcspOBjhP3CkpgSlqXfuz0wtxzInQmCGl2q4TaS9BUlPMyLjQiRWJEB6iPmkbKhAnykuyW8Zw3yg9GITSPKFhpv6eSBBXasR905kuq2a9VPzPa8c6OPMSKqJYE4EnHwUxgzqEaTCwRyXBmo0MQVhSsyvEAyQR1ia+ggnBnT15njQOy+5J+fj6qFSpTuPIgz1QBAfABaegAq5ADdQBBg/gCbyAV+vRerberPdJa86azuyCP7A+vgHjGZpV</latexit>

A = B = �x

h(t)h

A simple example: single spin with energy level difference = 2
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Linear Response

<latexit sha1_base64="KDVfp0prLJMRQw4P5zf3AeUeiT4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEfG2EopsuK9gHNDFMppN26MwkzEyEGrLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYfDm7HffiBS0Vjc6VFCfI76gkYUI22kwN73ONKDMMrqeeDAK+gp2ufo/jGwK07VmQDOE7cgFVCgEdhfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaKhAnys8mD+TwyCg9GMXSlNBwov6eyBBXasRD0zk+V816Y/E/r5vq6NLPqEhSTQSeLopSBnUMx2nAHpUEazYyBGFJza0QD5BEWJvMyiYEd/bledI6qbrn1bPb00rtuoijBA7AITgGLrgANVAHDdAEGOTgGbyCN+vJerHerY9p64JVzOyBP7A+fwDngJX6</latexit>

H0 = �z

<latexit sha1_base64="EgKg7JOYqKquz/xa12bKY0TwRfQ=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIr41Q68ZlBfuAdiyZNNOGJpkhyYhl6N6Nv+LGhSJu/QF3/o2ZaQVtPRA495x7yb3HjxhV2nG+rNzC4tLySn61sLa+sbllb+80VBhLTOo4ZKFs+UgRRgWpa6oZaUWSIO4z0vSHl6nfvCNS0VDc6FFEPI76ggYUI22krl3scKQHfpBcjOE5/CmqWaFon6Pb+65dcspOBjhP3CkpgSlqXfuz0wtxzInQmCGl2q4TaS9BUlPMyLjQiRWJEB6iPmkbKhAnykuyW8Zw3yg9GITSPKFhpv6eSBBXasR905kuq2a9VPzPa8c6OPMSKqJYE4EnHwUxgzqEaTCwRyXBmo0MQVhSsyvEAyQR1ia+ggnBnT15njQOy+5J+fj6qFSpTuPIgz1QBAfABaegAq5ADdQBBg/gCbyAV+vRerberPdJa86azuyCP7A+vgHjGZpV</latexit>

A = B = �x

h(t)

Frequency

A simple example: single spin with energy level difference = 2
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Linear Response

<latexit sha1_base64="KDVfp0prLJMRQw4P5zf3AeUeiT4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEfG2EopsuK9gHNDFMppN26MwkzEyEGrLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYfDm7HffiBS0Vjc6VFCfI76gkYUI22kwN73ONKDMMrqeeDAK+gp2ufo/jGwK07VmQDOE7cgFVCgEdhfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaKhAnys8mD+TwyCg9GMXSlNBwov6eyBBXasRD0zk+V816Y/E/r5vq6NLPqEhSTQSeLopSBnUMx2nAHpUEazYyBGFJza0QD5BEWJvMyiYEd/bledI6qbrn1bPb00rtuoijBA7AITgGLrgANVAHDdAEGOTgGbyCN+vJerHerY9p64JVzOyBP7A+fwDngJX6</latexit>

H0 = �z

<latexit sha1_base64="EgKg7JOYqKquz/xa12bKY0TwRfQ=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIr41Q68ZlBfuAdiyZNNOGJpkhyYhl6N6Nv+LGhSJu/QF3/o2ZaQVtPRA495x7yb3HjxhV2nG+rNzC4tLySn61sLa+sbllb+80VBhLTOo4ZKFs+UgRRgWpa6oZaUWSIO4z0vSHl6nfvCNS0VDc6FFEPI76ggYUI22krl3scKQHfpBcjOE5/CmqWaFon6Pb+65dcspOBjhP3CkpgSlqXfuz0wtxzInQmCGl2q4TaS9BUlPMyLjQiRWJEB6iPmkbKhAnykuyW8Zw3yg9GITSPKFhpv6eSBBXasR905kuq2a9VPzPa8c6OPMSKqJYE4EnHwUxgzqEaTCwRyXBmo0MQVhSsyvEAyQR1ia+ggnBnT15njQOy+5J+fj6qFSpTuPIgz1QBAfABaegAq5ADdQBBg/gCbyAV+vRerberPdJa86azuyCP7A+vgHjGZpV</latexit>

A = B = �x

h(t)

Frequency

|h(w)|2

A simple example: single spin with energy level difference = 2
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Su-Schrieffer-Heeger model for polyacetylene

A Bosonic Correlation function: Polarizability

Wiggle potential 
on site 0 (B=n0V0)

Measure density 
on all sites (A=ni)
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Fermionic Linear Response

Notice this is a commutator…
… we might also want to have an anti-commutator

<latexit sha1_base64="tTPXYIql9tQ8tlDntCIaN1d8Ftw="></latexit>

G(t, t0) = �i✓(t� t0)h 0|{A(t),B(t0)}| 0i

Why?

Fermionic creation/
annihilation operators
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Fermionic Linear Response

Option 1: Auxiliary operator Option 2: Post-selection

Find an operator P such that:

Example: parity

Then:

2302.10219
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Fermionic Linear Response

Option 1: Auxiliary operator

Find an operator P such that:

Example: parity

Then:

Option 2: Post-selection

N {N, N+1, N-1}

<latexit sha1_base64="gnqVpEZs8T2E9s1gAV2MxdoonHg=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxAUIe6Kr4sgevEYwaiQjWF20rsZMvtgplcIIZ/hxV/x4kERr7n5N05iDr4KBoqqbnqqgkxJQ6774UxMTk3PzBbmivMLi0vLpZXVa5PmWmBNpCrVtwE3qGSCNZKk8DbTyONA4U3QOR/6N/eojUyTK+pm2Ih5lMhQCk5WapZ2/ZhTOwjhDE7AR+LgKwxpCwTsgLjzWzyKUIOvZdQm2IZmqexW3BHgL/HGpMzGqDZLA7+VijzGhITixtQ9N6NGj2uSQmG/6OcGMy46PMK6pQmP0TR6o2B92LRKC8JU25cQjNTvGz0eG9ONAzs5jGF+e0PxP6+eU3jc6MkkywkT8XUozBVQCsOWoCU1ClJdS7jQ0v4VRJtrLsh2WbQleL8j/yXXexXvsHJwuV8+PRvXUWDrbINtMY8dsVN2waqsxgR7YE/shb06j86z8+a8f41OOOOdNfYDzuATg0GdlQ==</latexit>

B = ⌘
�
c+ c†

� {N, N+1, N-1}

Post-selection on particle number gives us

2302.10219
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Su-Schrieffer-Heeger model for polyacetylene

Linear Response -> Green’s function 2302.10219

Energy

Momentum

Momentum

<latexit sha1_base64="X+EnvZjdfttzthTzBSuVQoTSn5E=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA720mGzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8Sp5lDnsYx1K2AGpFBQR4ESWokGFgUSmsHwduI3n0AbEasHHCXgR6yvRE9whlZqdUKQyK7dbqnsVtwp6CLxclImOWrd0lcnjHkagUIumTFtz03Qz5hGwSWMi53UQML4kPWhbaliERg/m947psdWCWkv1rYU0qn6eyJjkTGjKLCdEcOBmfcm4n9eO8XelZ8JlaQIis8W9VJJMaaT52koNHCUI0sY18LeSvmAacbRRlS0IXjzLy+SxmnFu6ic35+Vqzd5HAVySI7ICfHIJamSO1IjdcKJJM/klbw5j86L8+58zFqXnHzmgPyB8/kDiPaPpw==</latexit>

� = 0

<latexit sha1_base64="oEnm239zp0kgISu969ftAITyXks=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdZKgF48RzAOSJczOdpIhs7PrTK8QlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqOdR5LGPdCpgBKRTUUaCEVqKBRYGEZjC8nfjNJ9BGxOoBRwn4Eesr0ROcoZVanRAksmu3Wyq7FXcKuki8nJRJjlq39NUJY55GoJBLZkzbcxP0M6ZRcAnjYic1kDA+ZH1oW6pYBMbPpveO6bFVQtqLtS2FdKr+nshYZMwoCmxnxHBg5r2J+J/XTrF35WdCJSmC4rNFvVRSjOnkeRoKDRzlyBLGtbC3Uj5gmnG0ERVtCN78y4ukcVrxLirn92fl6k0eR4EckiNyQjxySarkjtRInXAiyTN5JW/Oo/PivDsfs9YlJ585IH/gfP4AinuPqA==</latexit>

� > 0



Su-Schrieffer-Heeger model for polyacetylene

Choose B to create a momentum eigenstate
<latexit sha1_base64="kxDM1ROSQeGS8OU4JutsEsu+Vwc="></latexit>

GR
k (t) = �i✓(t)h 0|{ck(t), c†k(0)}| 0i

Compressed circuit run on ibm_auckland

Linear Response -> Green’s function 2302.10219
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Su-Schrieffer-Heeger model for polyacetylene

Choose B to create a momentum eigenstate
<latexit sha1_base64="kxDM1ROSQeGS8OU4JutsEsu+Vwc="></latexit>

GR
k (t) = �i✓(t)h 0|{ck(t), c†k(0)}| 0i

Compressed circuit run on ibm_auckland
Fourier

Linear Response -> Green’s function 2302.10219
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Fourier

Linear Response -> Green’s function 2302.10219

Su-Schrieffer-Heeger model for polyacetylene

Choose B to create a momentum eigenstate
<latexit sha1_base64="kxDM1ROSQeGS8OU4JutsEsu+Vwc="></latexit>

GR
k (t) = �i✓(t)h 0|{ck(t), c†k(0)}| 0i

Compressed circuit run on ibm_auckland
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Linear Response -> Green’s function
Why does this work so well?

Data from noisy simulator with one/two qubit noise of 1% and 10%



Linear Response

● Ancilla free

● Momentum and frequency selectivity

● Both bosonic and fermionic correlators

● More noise robust compared to existing methods

E. Kökcü, H.Labib, J.K. Freericks, AFK., arXiv:2302.10219

Digital version of 
this talk



• It turns out that these are positive 
semi-definite (PSD) functions:

34

Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤
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semi-definite (PSD) functions:
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Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤

• Then this is a PSD matrix:

where 



• It turns out that these are positive 
semi-definite (PSD) functions:
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Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤

• Then this is a PSD matrix:

where 

• What can I do with this?
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Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

• It turns out that these are positive 
semi-definite (PSD) functions:

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤

• Then this is a PSD matrix:

where 



• It turns out that these are positive 
semi-definite (PSD) functions:
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Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤

• Then this is a PSD matrix:

where 

• What else can I do with this?
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known extension

Input
Numerical Extension
Analytic Solution
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Further improvements via mathematics

Kemper, Yang, Gull, arXiv:2309.02566 

• It turns out that these are positive 
semi-definite (PSD) functions:

<latexit sha1_base64="zzjt96RAlerHUR553WpwVIbmFVY="></latexit>

GAA(t� t0) = Tr
⇥
⇢A(t)†A(t0)

⇤

• Then this is a PSD matrix:

where 



|0i H • •
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Prepare state of interest Time evolve

A-Z quantum simulation

Dynamical response functions

• Physics-Informed 
Subspace Expansions

• Lie-algebraic methods for 
time evolution

• Open quantum system 
evolution

• Neutron scattering 
(magnon) spectra

• Open quantum system 
Green’s functions

• Dynamical Mean Field 
Theory

Classical post-processing 
techniques

Digital version of 
this talk
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ÛS Û
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Prepare state of interest Time evolve

A-Z quantum simulation

Dynamical response functions

• Physics-Informed 
Subspace Expansions

• Lie-algebraic methods for 
time evolution

• Open quantum system 
evolution

• Neutron scattering 
(magnon) spectra

• Open quantum system 
Green’s functions

• Dynamical Mean Field 
Theory

Classical post-processing 
techniques

Digital version of 
this talk



Preparing ground states

Variational Quantum Eigensolver

Larger depth circuits

[ Schiffer, Benjamin F., et.al., PRX 
Quantum 3, no. 2 (2022): 020347 ]

[ Kandala, Abhinav, et.al., Nature 
549, no. 7671 (2017): 242-246. ]

Barren Plateau

Adiabatic State Preparation
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Quantum Subspace Expansion

The problem: Hilbert space is unreasonably large…
  

 

|H| = 2N
<latexit sha1_base64="0k0GbyMI7g7SAgbJxHZbcjJa/HA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopeepIL9kHYt2TTbhibZJckKpe2v8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrKyurW9kN3Nb2zu7e/n9g7qOEkVojUQ8Us0Aa8qZpDXDDKfNWFEsAk4bweBm6jeeqNIskvdmGFNf4J5kISPYWOlhXBmjK1R6vO3kC27RnQEtEy8lBUhR7eS/2t2IJIJKQzjWuuW5sfFHWBlGOJ3k2ommMSYD3KMtSyUWVPuj2cETdGKVLgojZUsaNFN/T4yw0HooAtspsOnrRW8q/ue1EhNe+iMm48RQSeaLwoQjE6Hp96jLFCWGDy3BRDF7KyJ9rDAxNqOcDcFbfHmZ1EtF76xYujsvlK/TOLJwBMdwCh5cQBkqUIUaEBDwDK/w5ijnxXl3PuatGSedOYQ/cD5/AFesj3M=</latexit>

… and diagonalization is thus difficult.

A solution: 
1. Project the Hamiltonian into a smaller space spanned by some vectors 
2. Solve the resulting (smaller) generalized eigenvalue problem

3. Show (or hope) that your subspace spans the states of interest
  

 

| ji
<latexit sha1_base64="mPwau/NcOvoFIDY+9bzxjLyWV5M=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkATy2Y7adduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2Xtgobm5t7+yW9vabKk4lxQaNeSzbAVHImcCGZppjO5FIooBjKxheTfzWA0rFYnGrRwn6EekLFjJKtJHunrxEse69J4noc+yWyk7FmcJeJG5OypCj3i19eb2YphEKTTlRquM6ifYzIjWjHMdFL1WYEDokfewYKkiEys+mV4/tY6P07DCWpoS2p+rviYxESo2iwHRGRA/UvDcR//M6qQ4v/IyJJNUo6GxRmHJbx/YkArvHJFLNR4YQKpm51aYDIgnVJqiiCcGdf3mRNKsV97RSvTkr1y7zOApwCEdwAi6cQw2uoQ4NoCDhGV7hzXq0Xqx362PWumTlMwfwB9bnD/JYksw=</latexit>

H| i = ES| i
<latexit sha1_base64="wdzxqcYI1rLxQps0vLxIY5Yas2E=">AAACHnicbVBNS8NAEN34WetX1aOXxSJ4KklV9CIUReixov2AJpTNdtou3WzC7kYosb/Ei3/FiwdFBE/6b9y0RWzrg4HHezPMzPMjzpS27W9rYXFpeWU1s5Zd39jc2s7t7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6379K/fo9SMVCcacHEXgB6QrWYZRoI7Vyp25AdI8SnpSH+MGtKOZKIroc8AW+xr/m7bTZyuXtgj0CnifOhOTRBJVW7tNthzQOQGjKiVJNx460lxCpGeUwzLqxgojQPulC01BBAlBeMnpviA+N0sadUJoSGo/UvxMJCZQaBL7pTO9Vs14q/uc1Y9059xImoliDoONFnZhjHeI0K9xmEqjmA0MIlczcimmPSEK1STRrQnBmX54ntWLBOS4Ub07ypctJHBm0jw7QEXLQGSqhMqqgKqLoET2jV/RmPVkv1rv1MW5dsCYze2gK1tcPOgGijA==</latexit>
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Quantum Subspace Expansion

Which states         to use as a subspace basis?
  

 

| ji
<latexit sha1_base64="mPwau/NcOvoFIDY+9bzxjLyWV5M=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkATy2Y7adduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2Xtgobm5t7+yW9vabKk4lxQaNeSzbAVHImcCGZppjO5FIooBjKxheTfzWA0rFYnGrRwn6EekLFjJKtJHunrxEse69J4noc+yWyk7FmcJeJG5OypCj3i19eb2YphEKTTlRquM6ifYzIjWjHMdFL1WYEDokfewYKkiEys+mV4/tY6P07DCWpoS2p+rviYxESo2iwHRGRA/UvDcR//M6qQ4v/IyJJNUo6GxRmHJbx/YkArvHJFLNR4YQKpm51aYDIgnVJqiiCcGdf3mRNKsV97RSvTkr1y7zOApwCEdwAi6cQw2uoQ4NoCDhGV7hzXq0Xqx362PWumTlMwfwB9bnD/JYksw=</latexit>

Krylov states (classical):

Cortes PRA 2022
Klymko PRXQ 2022
Stair JCTC 2022
Seki PRXQ 2021
Bespalova PRXQ 2021

Colless PRX 2018
McClean PRA 2017
Bharti PRA 2021
Lim QST 2021

Apply Pauli operators, elements of H, or 
creation/annihilation operators

Real time evolution

| ji = H
k
|�0i

<latexit sha1_base64="JRRlL/K6j5psG49mjFoCbuBn56c=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRV0ItQ9NJjBfsBTQ2b7bRdu9mE3Y1QYn+FF/+KFw+KeBVv/hu3bQ7a+mDg8d4MM/OCmDOlHefbWlhcWl5Zza3l1zc2t7btnd26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzoYQztkPQE6zJKtJF8+/jBixXz7zxJRI8DvsBeSHSfEp5WRrcDbOw+853M9u2CU3QmwPPEzUgBZaj69pfXiWgSgtCUE6VarhPrdkqkZpTDKO8lCmJCB6QHLUMFCUG108lbI3xolA7uRtKU0Hii/p5ISajUMAxM5/hmNeuNxf+8VqK75+2UiTjRIOh0UTfhWEd4nBHuMAlU86EhhEpmbsW0TySh2iSZNyG4sy/Pk3qp6J4US9enhfJlFkcO7aMDdIRcdIbKqIKqqIYoekTP6BW9WU/Wi/VufUxbF6xsZg/9gfX5A3Smn4w=</latexit>

| ji = e�iHtj |�0i
<latexit sha1_base64="YyjlF8DKPAd9sBqPObymGU37qqc=">AAACHnicbVDLSgMxFM34rPVVdekmWAQ3lpmq6EYouumygn1Apw6Z9LZNm8kMSUYoY7/Ejb/ixoUigiv9G9N2Ftp6IHA451xy7/EjzpS27W9rYXFpeWU1s5Zd39jc2s7t7NZUGEsKVRryUDZ8ooAzAVXNNIdGJIEEPoe6P7ge+/V7kIqF4lYPI2gFpCtYh1GijeTlzh7cSDGv70oiuhzwJYa75Ji5AdE9SnhSHmHt9UfYxHrMs9OYl8vbBXsCPE+clORRioqX+3TbIY0DEJpyolTTsSPdSojUjHIYZd1YQUTogHShaaggAahWMjlvhA+N0sadUJonNJ6ovycSEig1DHyTHK+tZr2x+J/XjHXnopUwEcUaBJ1+1Ik51iEed4XbTALVfGgIoZKZXTHtEUmoNo1mTQnO7MnzpFYsOCeF4s1pvnSV1pFB++gAHSEHnaMSKqMKqiKKHtEzekVv1pP1Yr1bH9PogpXO7KE/sL5+AJGgosE=</latexit>

| ji = Oj |�0i
<latexit sha1_base64="qFzKcmHd4inpDfKswFN45eD67Tw=">AAACFnicbVBNS8NAEN34WetX1KOXxSJ4sSRV0ItQ9OLNCvYDmhIm22277WYTdjdCif0VXvwrXjwo4lW8+W/ctjlo64OBx3szzMwLYs6Udpxva2FxaXllNbeWX9/Y3Nq2d3ZrKkokoVUS8Ug2AlCUM0GrmmlOG7GkEAac1oPB1div31OpWCTu9DCmrRC6gnUYAW0k3z5+8GLF/L4nQXQ5xRfYC0H3CPD0ZuT3sbF7zHcy27cLTtGZAM8TNyMFlKHi219eOyJJSIUmHJRquk6sWylIzQino7yXKBoDGUCXNg0VEFLVSidvjfChUdq4E0lTQuOJ+nsihVCpYRiYzvHNatYbi/95zUR3zlspE3GiqSDTRZ2EYx3hcUa4zSQlmg8NASKZuRWTHkgg2iSZNyG4sy/Pk1qp6J4US7enhfJlFkcO7aMDdIRcdIbK6BpVUBUR9Iie0St6s56sF+vd+pi2LljZzB76A+vzB3/Bn5M=</latexit>
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Quantum Subspace Expansion

The problem: Hilbert space is unreasonably large…
  

 

|H| = 2N
<latexit sha1_base64="0k0GbyMI7g7SAgbJxHZbcjJa/HA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EopeepIL9kHYt2TTbhibZJckKpe2v8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrKyurW9kN3Nb2zu7e/n9g7qOEkVojUQ8Us0Aa8qZpDXDDKfNWFEsAk4bweBm6jeeqNIskvdmGFNf4J5kISPYWOlhXBmjK1R6vO3kC27RnQEtEy8lBUhR7eS/2t2IJIJKQzjWuuW5sfFHWBlGOJ3k2ommMSYD3KMtSyUWVPuj2cETdGKVLgojZUsaNFN/T4yw0HooAtspsOnrRW8q/ue1EhNe+iMm48RQSeaLwoQjE6Hp96jLFCWGDy3BRDF7KyJ9rDAxNqOcDcFbfHmZ1EtF76xYujsvlK/TOLJwBMdwCh5cQBkqUIUaEBDwDK/w5ijnxXl3PuatGSedOYQ/cD5/AFesj3M=</latexit>

… although the physics we care about lives in a small corner of it.

• Ground states
• Excited states
• Thermal states

… and diagonalization is thus difficult.

Eigenvector Continuation: Use ground/excited states of the Hamiltonian 
 at different parameters to span the space of interest

  

 



Ø Ground state varies continuously in a parameter 
space and is spanned by a few low energy state 
vectors.

Using this:

Ø Make a subspace using low energy states at 
different points in parameter space 

Ø Use quantum state preparation techniques to 
get low energy states

D. Frame et.al, Phys. Rev. Lett. 121, 032501
A. Francis, AFK et al., 2209.10571 

4
8

Eigenvector Continuation
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Eigenvector Continuation

Choose two training points:

H = X1X2 + Y1Y2 +Bz(Z1 + Z2)
<latexit sha1_base64="utvtg6JyICEARNxAwwKCv/orluQ=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAIFWGYqYJuhFI3XVaw7fQyhEyaaUMzF5KMUIe+hRtfxY0LRdzqzrcxvSy09YfAx3/O4eT8XsyZVJb1bWRWVtfWN7Kbua3tnd29/P5BQ0aJILROIh4Jx8OSchbSumKKUycWFAcep01veDOpN++pkCwK79Qopm6A+yHzGcFKWyhvdgOsBgTztDqG19BBtoNK8Ay2kN2aQgU9FNvI1tRGpVOUL1imNRVcBnsOBTBXDeW/ur2IJAENFeFYyo5txcpNsVCMcDrOdRNJY0yGuE87GkMcUOmm07vG8EQ7PehHQr9Qwan7eyLFgZSjwNOdkyvkYm1i/lfrJMq/clMWxomiIZkt8hMOVQQnIcEeE5QoPtKAiWD6r5AMsMBE6ShzOgR78eRlaJRM+9ws3V4UypV5HFlwBI5BEdjgEpRBFdRAHRDwCJ7BK3gznowX4934mLVmjPnMIfgj4/MHUSGblA==</latexit>

Bz > 1 : | i = | ##i
<latexit sha1_base64="hSDQEXQ5oyY590nxfBWIDjCiKR8=">AAACI3icbVDLTgIxFO3gC/E16tJNIzFxRWbQREOiIbhxiYk8EiDkTinQ0OmMbUeCyL+48VfcuNAQNy78FwtMooInaXJ6zr23vccLOVPacT6txNLyyupacj21sbm1vWPv7pVVEElCSyTggax6oChngpY005xWQ0nB9ziteL2riV+5p1KxQNzqQUgbPnQEazMC2khNO1doPuBL7ObqdxG08GM9VKwuQXQ4xRfm2gr6AqQM+viHxn7TTjsZZwq8SNyYpFGMYtMemxkk8qnQhINSNdcJdWMIUjPC6ShVjxQNgfSgQ2uGCvCpagynO47wkVFauB1Ic4TGU/V3xxB8pQa+Zyp90F01703E/7xapNvnjSETYaSpILOH2hHHOsCTwHCLSUo0HxgCRDLzV0y6IIFoE2vKhODOr7xIytmMe5LJ3pym84U4jiQ6QIfoGLnoDOXRNSqiEiLoCb2gN/RuPVuv1tj6mJUmrLhnH/2B9fUN5QCkgw==</latexit>

These span the full subspace!
• Only needed 2 sets of measurements
• Covers 2 different magnetization sectors

En
er

gy

Bz < 1 : | i = | "#i+ | #"ip
2

<latexit sha1_base64="whY0WtPBnrQ9QVg2L9w6Kb8rQiE="></latexit>



Subspace 
Diagonalization

Choose k Hamiltonians   at k parameter points

Solve for    ground state vector

k Low energy state vectors

Energy spectrum across the 
parameter range 

5
0A. Francis, AFK et al., 2209.10571 
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Subspace 
Diagonalization

Choose k Hamiltonians   at k parameter points

Solve for    ground state vector

k Low energy state vectors

Energy spectrum across the 
parameter range 

5
2C. Mejuto-Zaera, AFK, Electron. Struct. 2023

Eigenvector Continuation



Subspace 
Diagonalization

k low energy state vectors

Energy spectrum across the 
parameter 

We need low energy state vectors – 
Exact ground states are not necessary!

We can use any state preparation method 

53

Choose k Hamiltonians   at k parameter points

Solve for    ground state vector

Eigenvector Continuation



1D 5-site XY Model Adiabatic time evolution

dt = 0.05; d𝐵!/dt = 0.15
750 time steps   
RMS error < 0.09

dt = 0.05; d𝐵!/dt = 1.5 
75 time steps
RMS error > 2.1Adiabatic time evolution

Training 
states K=5

55

Approximate Eigenvector Continuation



dt = 0.05; d𝐵!/dt = 0.15
750 time steps   
RMS error < 0.09

dt = 0.05; d𝐵!/dt = 1.5 
75 time steps
RMS error > 2.1

56

Approximate Eigenvector Continuation
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Quantum Matter meets Quantum Computing

• Experimental relevance: 
Measuring correlation 
functions

• Measuring exact integer Chern 
numbers for topological states

• Open quantum evolution and 
fixed points (1000 Trotter 
steps)

• Time evolution via Lie 
algebraic decomposition and 
compression

• Thermodynamics via Lee-Yang 
Zeros

• Physics-Informed Subspace 
Expansions

https://go.ncsu.edu/kemper-lab
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Lie algebraic methods for quantum computing

Time evolution

Variational ansätze

Dynamical Lie algebras

<latexit sha1_base64="wC1lAFE3XJ7VBAIzlYnBGDGOBHs="></latexit>

DLA := span
�
[ai1 , [ai2 , [· · · [air , aj ] · · · ]]]

 

Given a set of operators ai (either in the operator pool or Hamiltonian)

Their Dynamical Lie Algebra expresses all the operators that can be 
generated by this set

Cartan decomposition for exact 
time evolution

Circuit compression

Unified Framework for Barren 
plateaus in VQA

Complete (DLA) classification of 
1-d nearest neighbor spin models

Kökcü, PRL 2022

Kökcü, PRA 2022
Camps, SIMAX 2022
Kökcü, arXiv:2303.09538

Ragone, arXiv:2309.09342

Wiersema, arXiv:2309.05690
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Unitary Synthesis: Cartan Decomposition

● Cartan decomposition found its application in generic unitary synthesis for quantum circuits        (*,**)

● It is optimal for SU(4) (2 qubits)! (***)

 (*) N. Khaneja and S. J. Glaser, Chemical Physics 267, 11 (2001).           (**) H. N. Sa Earp and J. K. Pachos, Journal of Mathematical Physics 46, 082108 (2005), doi.org/10.1063/1.2008210.

(***) G. Vidal and C. M. Dawson, Physical Review A 69, 010301 (2004).



Exact simulation of a time independent spin Hamiltonian:
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Main Problem



Exact simulation of a time independent spin Hamiltonian:
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Main Problem

<latexit sha1_base64="wC1lAFE3XJ7VBAIzlYnBGDGOBHs="></latexit>

DLA := span
�
[ai1 , [ai2 , [· · · [air , aj ] · · · ]]]
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Cartan Decomposition and KHK Theorem



Exact simulation of a time independent spin Hamiltonian:

64

Main Problem
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Cartan Decomposition and KHK Theorem
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Algorithm

1) Generate Hamiltonian algebra g(H)
2) Find a Cartan decomposition where H is in m
3) Obtain parameters via local minimum of f(K) 
4) Build the circuit using K and h
5) Then simulate for any t
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●                circuit for TFIM, TFXY, XY
● Applicable for any model 
● Optimize only once for any time t
● Obtained 1st ever self-consistent DMFT 

Hubbard phase diagram on IBM QC.

Cartan Decomposition

T. Steckmann, Phys Rev Research (2023)

https://www.physics.ncsu.edu/kemperlab/papers/Steckmann_DMFT/


Cartan Decomposition Algebraic Compression

• Produces exact, fixed depth time evolution unitaries for 
any model.

• Produces unitaries for linear combinations of (anti)-
Hermitian operators (UCC factors).

• We have code available!    
https://github.com/kemperlab/cartan-quantum-synthesizer

2 Algebraic methods for circuit compression

Kökcü PRL (2022) , Steckmann PRR (2023) Kökcü PRA (2021), Camp SIMAX 2022, Kökcü arXiv:2303.09538
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• Compressed Trotter circuits down to a shallow fixed depth 
circuit for 1-D nearest neighbor TFXY, TFIM, XY and 
Kitaev models.

• Based on 3 easy to check, local properties. 

• We have code available! Check F3C, F3C++ and F3Cpy 
at https://github.com/QuantumComputingLab

Cartan Decomposition Algebraic Compression

• Produces exact, fixed depth time evolution unitaries for 
any model.

• Produces unitaries for linear combinations of (anti)-
Hermitian operators (UCC factors).

• We have code available!    
https://github.com/kemperlab/cartan-quantum-synthesizer

Kökcü PRL (2022) , Steckmann PRR (2023) Kökcü PRA (2021), Camp SIMAX 2022, Kökcü arXiv:2303.09538

2 Algebraic methods for circuit generation

(a) (c) (d)

(b)

QPU Simulator QPU Simulator

Ballistic Anderson Localization
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Quantum Matter meets Quantum Computing

• Experimental relevance: 
Measuring correlation 
functions

• Measuring exact integer Chern 
numbers for topological states

• Open quantum evolution and 
fixed points (1000 Trotter 
steps)

• Time evolution via Lie 
algebraic decomposition and 
compression

• Thermodynamics via Lee-Yang 
Zeros

• Physics-Informed Subspace 
Expansions

https://go.ncsu.edu/kemper-lab
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